still not widely known. A detailed history and many results concerning this may be found in a recent paper.
still not widely known. A detailed history and many results concerning this may be found in a recent paper.
6
The identity is due to Rothe and is as follows: k=O x + bk k Y + ben -k) n -k = x + y (X + Y + bn) (7) x + y + bn n • H. W. Gould and J. Kaucky, J. Combinatorial Theory 1, 233 (1966). and, with suitable attention, is valid for all real or complex x, y, and b, and all nonnegative integers n.
The novel point about (7) is the parameter b which allows this formula to include not only the Vandermonde relation (4) but perhaps ninety percent of the common binomial identities. Relation (5) is particularly useful in manipulating binomial summations.
It together with the symmetry (~) = (n~k) and changes of summation variable suffices to reduce most all the known identities to some form of the Vandermonde or other theorem. We consider a Hamiltonian of the form
where Ho is the free Hamiltonian of a particle of mass flo ;;6. 0 expressed in terms of the neutral scalar field cp and its momentum conjugate 7T:
As is evident we are working in a periodic box of length 1. V is a polynomial function of the cp(x 
and define
In terms of these variables,
We represent these operators on the L2 space of EN with measure the product of the measures {lk'
with qk a multiplicative operator and
A complete set of eigenfunctions for Hk is given by
with corresponding eigenvalues (9) An(x) is the nth Hermite polynomial.
The chief inequality we will exploit is the following numerical inequality for x, y real, y ~ 0:
xy S e'" + ylny.
The expectation value of the interaction V in a state with function F is given by
We apply (10) with x = rV and y = y-l IF/2 to derive the result
r is a numerical factor to be fixed later. Note that (13) We intend to bound the second term on the right side of (12) (14) which easily follows for functions F nice enough so that all the integrals exist and the differentiation may be moved inside the integral, a dense subspace in £2. We do not discuss domain questions. We rewrite (12) using (14):
Ar r
+ L :t f [(e-HotF)*(e-HotF)]IHt d{l!t=o. (15)
The theQrem we are after is established provided
Ar ~ 2 and we can bound the last term in (15).
The remainder of the paper is devoted to a study of
We consider, corresponding to any g in L2({l), its expression as a sum of products of the functions in (8):
(The qs are merely the qk in some order.) The Cil,i" ... ,iN are now considered as functions on the discrete space whose points are the indices of the C's. To the point (i1' ;2' ... , iN) is associated the point mass TIs e 2i ,. With this measure, the transformation T that carries a set of C's into the corresponding function g as in (17) is norm preserving as a map from [2 to L2. We will later show that T is norm decreasing as a map from [I to L4, Assuming this for a moment, we complete the proof of the theorem. We apply the Riesz-Thorin convexity theorem to the transformation T obtaining [-wi},i2,···,iN (22) and T the operator from S to Y given by
with Ay the yth Hermite polynomial; then, Tis norm decreasing from [1 to U.
